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Effect of Artificial Viscosity on Three-Dimensional
Flow Solutions
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Artificial viscosity is added either implicitly or explicitly in practically every numerical scheme for suppressing
spurious oscillations in the solution of fluid-dynamics equations. In the present central-difference scheme,
artificial viscosity is added explicitly for suppressing high-frequency oscillations and achieving good convergence
properties. The amount of artificial viscosity added is controlled through the use of preselected coefficients. In
the standard scheme, scalar coefficients based on the spectral radii of the Jacobian of the convective fluxes are
used. However, this can add too much viscosity to the slower waves. Hence, the use of matrix-valued
coefficients, which give appropriate viscosity for each wave component, is suggested. With the matrix-valued
coefficients, the central-difference scheme produces more accurate solutions on a given grid, particularly in the
vicinity of shocks and boundary layers, while still maintaining good convergence properties.

Introduction

S IGNIFICANT progress has been made in recent years
toward the computation of transonic viscous flows over

aircraft components. Despite significant gains in the raw speed
of modern computers, most numerical schemes still require
prohibitive amounts of computer time to obtain accurate solu-
tions of the Navier-Stokes equations. The large amounts of
computer time required for obtaining grid-converged solu-
tions makes it a difficult and extremely time-consuming exer-
cise to assess numerical accuracy of the solutions. Addition-
ally, the researchers are discouraged from investigating more
sophisticated turbulence models, since these invariably add
significantly to the computational time.

Recently, an efficient numerical procedure for computing
high Reynolds number, viscous, transonic, three-dimensional
flows over aircraft components has been developed by Vatsa
and Wedan.1 In this procedure, the Runge-Kutta time-step-
ping scheme developed by Jameson and co-workers for the
Euler equations2'3 is used as the basic algorithm. Significant
improvement in the efficiency of the algorithm is obtained
through the use of a multigrid acceleration technique pat-
terned after the work of Martinelli4 and Swanson and Turkel5

for two-dimensional viscous flows. The details of the three-di-
mensional extension of the two-dimensional schemes of Refs.
4 and 5 are given in Ref. 1.

Based on the work of Vatsa and Wedan,1 it is clear that
essentially grid-converged solutions for transonic viscous
flows over aerodynamic shapes can be obtained, provided
sufficiently fine meshes are employed for computation. In the
present paper, an attempt is made to improve the accuracy of
the solutions on a given grid, in order to reduce the number of
grid points required for obtaining a specified level of accu-
racy. This is done mainly through the reduction of artificial
viscosity by replacing the scalar form of the artificial viscosity
used in Ref. 1 with a matrix form deduced by employing
concepts from upwind schemes. Computational results based
on the use of matrix-valued dissipation are very encouraging
and are compared with scalar dissipation results in this paper
for transonic flow over finite wings.
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Governing Equations and Numerical Method
In the present investigation, the thin-layer Navier-Stokes

(TLNS) equations are used for modeling the flow. TLNS as
used here describes an equation set obtained by retaining the
viscous diffusion normal to the body surface only. The effects
of turbulence are modeled through an eddy-viscosity hypothe-
sis. The Baldwin-Lomax turbulence model6 is used for turbu-
lence closure. For a body-fitted coordinate system (£, 17, f)
fixed in time, these equations can be written in the conserva-
tion law form as

d /-(
dt

3F 8G 8GV

- + - + IF = * (1)

where U represents the conserved variable vector, and F, G,
and H represent the convective flux vectors. Gv in the forego-
ing equation represents the viscous flux vector in the surface
normal direction and J is the Jacobian of the transformation.
The complete form of the flux vectors is readily available in
Ref. 1 and is skipped here for the sake of brevity. The convec-
tive terms can also be written as

8F _ dU
K a*

dG
dr,

dH

tdU
dT]

dU

(2)

(3)

(4)

where A = dF/dU, B = dG/dU, and C = dff/dU are known
as the flux Jacobian matrices.

A semidiscrete cell-centered finite-volume algorithm based
on a Runge-Kutta time-stepping scheme2'3 is used for obtain-
ing the steady-state solutions to the TLNS equations. A linear
fourth-difference and nonlinear second-difference-based arti-
ficial dissipation is added to the present central-difference
scheme to suppress odd-even decoupling and oscillations in
the vicinity of shock waves and stagnation points. The artifi-
cial viscosity models under consideration will be discussed in a
later section.
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A five-stage Runge-Kutta time-stepping scheme with three
evaluations of the artificial dissipation terms (computed at the
odd stages) is used to extend the stability bound along the real
axis, thus permitting a higher CFL number in the presence of
physical viscous diffusion terms. To further extend the stabil-
ity range of the numerical scheme, the implicit residual
smoothing technique of Ref. 2, as modified by Martinelli4 for
high-aspect-ratio cells, is extended to three-dimensional flows.
Since we are basically interested in obtaining steady-state re-
sults, the solution is advanced in time with the maximum
allowable time step for each cell. Enthalpy damping, which
was used in previous studies for accelerating the convergence
of the scheme, is not employed in the present calculations.
This is more consistent with the governing equations, since the
Navier-Stokes equations for general flows do not admit con-
stant enthalpy as a solution. The efficiency of the numerical
scheme is greatly enhanced through the use of a multigrid
acceleration technique as described by Vatsa and Wedan.1

Artificial Dissipation Models
Since the basic numerical scheme uses central differences to

represent spatial derivatives, the artificial dissipation required
to avoid spurious oscillations in the vicinity of shocks and to
stabilize the scheme is implemented in a convenient manner by
modifying the convective fluxes as follows:

Fi±y2j,k = l/2(Fitjtk + Fi±ijtk) - di± y2jik (5)

k + Gij± i t k ) - dfj ±Y2fk (6)

k ~"~ -HiJ,k ±l) ~ ^*ij,k ± Vi (.')

The terms d i ± y 2 j > k 9 d j j ± y 2 t k 9 and dijtk±Vl represent the dissi-
pative terms in the / ,y , and k directions, respectively. The two
forms of artificial dissipation models used in this paper to
evaluate these terms are now described.

A. Scalar Dissipation Model
The basic dissipation model employed in this study is a

nonisotropic model, in which the dissipative terms are func-
tions of the spectral radii of the Jacobian matrices associated
with the appropriate coordinate directions.1'4'5 For clarity, a
detailed description of the dissipative terms for the / direction
is given as

y2j,k — X/ +

(8)

In the foregoing expression, the coefficients e(2) and e(4) are
related to the pressure gradient parameter ?/ as follows:

IA-+ u,k -————————

Pi+ \J,k +

,k +PJ- ij,k I
+ Pi- lj,k

(9)

where /c(2) and «(4) are constants with typical values of Vi and
V64, respectively. The variable W is related to the solution
vector U by the equation

W = 17 + [0, 0, 0, 0,p]7 (10)
The term \i+ y2jtk is the scaling factor associated with the £
coordinate. Following Refs. 4 and 5, this scale factor is de-
fined as

(11)

where X^ is related to the spectral radii of the flux Jacobian
matrix in the three coordinate directions1 as follows:

(12)

The spectral radii for the £, TJ, f directions are

(13)

In the foregoing equations, c is the local speed of sound and
q^q^ and q$ are the contravariant velocity vectors in the /, j,
and £(£, rj, f) directions, respectively, and are given by the
following relations:

(14)

Expressions for the artificial dissipation coefficients in the j
and k directions can be derived in a similar manner1 and take
the form

(15)

0.5
(16)

B. Matrix-Valued Dissipation
The dissipation model just described is not optimal in the

sense that the same dissipation scaling is used for all the
governing equations in a given coordinate direction. Reduced
artificial dissipation can be obtained by individually scaling
the dissipation contribution to each equation, as is done im-
plicitly in upwind schemes. This is done by replacing the scalar
coefficients used in the artificial dissipation model by the
modulus (absolute values) of flux Jacobian matrices. Thus,
Eqs. (12-16) can be rewritten as

X r = I C l (17)

The matrices A9B9 and C have very few nonzero elements and
can be found in Ref. 7 in their entirety. The absolute values of
these matrices, illustrated here for the matrix A, are defined in
the following manner. Let

A = r^iy1 (is)
where A$ is a diagonal matrix with the eigenvalues of A as its
elements. Then

\A\ = (19)

where
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(20)
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The diagonal elements of the foregoing matrix7 are

(21)

After considerable algebra, one can express \A I in the
following manner:

- IXjl

(7 ~ 1)

(7 -

IXJ - IX2I

(22)

In the previous equations, E\ - E4 are 5 x 5 matrices and /
is the identity matrix of the same size. By taking advantage of
their special form, these matrices can be expressed as a prod-
uct of the four row vectors (and their transposes) in the
following manner:

where

= (1, u, v, w, h }

= (0,

(23)

(24)

(25)

and F2 = u2 + v2 + w2 is the total velocity.
Thus, by taking advantage of the special form of the ele-

ments of \A I , one can replace the matrix-vector products of
the form \A\ (Wi + ijtk - Wjjj) by the products of row and
column vectors, resulting in a simpler and more efficient pro-
cedure.

In practice, we cannot choose Xi, X2, X3 as given by Eq. (21).
Near-stagnation points X3 approach zero, whereas near sonic
lines Xi or X2 approach zero. Since zero artificial viscosity can
create numerical difficulties, we limit these values in the fol-
lowing manner:

I X ! I =max( l \ i l , Vn

I X 2 I =max( lX 2 l , Vn

I X 3 I =max(lX 3 l , K/

(26)

where Vn limits the eigenvalues associated with the nonlinear
characteristic fields to a minimum value that is a fraction of
the spectral radius, whereas K/ provides a similar limiter for
the eigenvalues associated with the linear characteristic fields.
The values for the limiting coefficients Vn and V\ are deter-
mined through numerical experimentation such that sharper
shocks and suction peaks are captured without introducing
spurious oscillations in the solution and still maintaining good
convergence properties. It should be noted that by setting Vn
= Vi = 1, we recover the scalar form of the artificial dissipa-
tion, whereas setting V.n = F/ = 0 corresponds to the use of
actual eigenvalues without any limiters. The eigenvalues ob-
tained from Eq. (26) are then modified for large changes in
cell aspect ratios using the expressions given in Eq. (12).
Similar expressions can be derived for the matrices B and C by
replacing the contravariant velocity q$ by q^ and q^ and £ by
77 and f, respectively, in Eqs. (17-25).

The following procedure is adopted at the boundaries where
the central-difference operators required to form the dissipa-
tion terms cannot be evaluated in a straightforward manner.
Near the far-field and downstream boundaries, information
on the flow variables at the auxiliary cells (ghost cells) that
surround these boundaries is used to construct the appropriate
derivatives. Near the solid boundaries, the linear variation of
flow variables is implied in forming the derivatives needed for
the dissipative terms, which results in zero dissipative flux at
the solid boundaries.5

We note that if the dissipative fluxes are interpreted as
modifiers to the physical fluxes at the interfaces of the differ-
ence molecule, the central-difference scheme with the matrix
dissipation closely resembles the characteristic decomposition
used in upwind schemes.8'9 It will be shown in the next section
that this scheme is comparable to upwind TVD schemes in
accuracy. In addition, when coupled with a multigrid accelera-
tion technique, only a slight degradation in the convergence
rate and computational efficiency is observed for this modi-
fied scheme, as compared to the original central-difference
scheme in which a scalar dissipation model was employed.

Results and Discussion
In order to study the effect of the artificial dissipation

models discussed in the previous sections, solutions for tran-
sonic, turbulent flow over two different configurations, repre-
senting transport and fighter type of wings, are presented. In
these computations, C-O grid topologies are used in order to
accurately simulate the flow in the wing-tip region. The test
cases selected for this paper have extensive pressure data avail-
able for code validation.

The first test case selected for this study is that of flow over
the ONERA M6 wing at free-stream Mach number M& - 0.84,
angle of attack a = 3.06 deg, and free-stream Reynolds num-
ber based on mean aerodynamic chord, Re-c = 11.7 x 106.
This case has the geometric characteristics of a typical trans-
port wing and has been the subject of several numerical studies
in the past due to the availability of reliable surface pressure
data.10 Solutions were obtained for this case on four succes-
sively finer meshes consisting of 97 x 25 x 17, 145 x 33 x 25,
193 x 49 x 33, and 289 x 65 x 49 grid points in the stream-
wise, normal, and span wise directions, respectively. The re-
sults on the coarsest mesh (97 x 25 x 17) are omitted from
some of the figures to avoid overcrowding.

The second configuration selected for this study is the Lock-
heed Wing C,11 which is a highly swept, highly tapered, and
low-aspect-ratio wing, typical of a fighter wing. This wing is
made of flat-topped supercritical airfoil sections with an ap-
proximate 8.17 deg twist from root to tip sections. The tran-
sonic flow over this wing is very sensitive due to these physical
characteristics and hence a finer mesh density compared to the
ONERA M6 wing is required for obtaining grid-converged
solutions for this case. Therefore, three meshes consisting of
161 x 33 x 33,241 x 49 x 49, and 321 x 65 x 65 grid points in
the stream wise, normal, and span wise directions, respectively,
were used for this case. Another complicating factor for this
case arose because of the presence of significant wall interfer-
ence effects in the experimental study of Hinson and Bur-
dges.11 Due to these difficulties, previously available numeri-
cal solutions for this configuration have been less than
satisfactory. The nominal test conditions chosen for this study
are M*, = 0.8513, a = 4.9 deg, and Rec = 107. By making use
of the guidelines provided in Ref. 11 and some preliminary
wall interference estimates based on the method of Ref. 12, the
calculations were performed at Mw = 0.8427 and a = 4 deg.

A. Pressure Distributions
Computed pressure distributions using the scalar and matrix

dissipation models are compared with the experimental data in
Figs. 1 and 2 for the ONERA M6 and Lockheed Wing C,
respectively. Several observations can be made by close exam-
ination of the results presented in these figures. First of all, the
computational results on the two finest meshes employed in
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O D Experimental data
289x65x49 computations

——— —— 193x49x33 computations « «
——— -—— 145x33x25 rnmniitarinns ~"

0 .2 .4 .6 .8 1.0

x/c
Fig. 1 Effect of grid density on pressure distributions for ON ERA
M6 wing (Moo = 0.84, a = 3.06 deg, Rec = 11.7 X 106).

this study are in close agreement with each other and compare
well with the experimental data. As expected, the agreement
with the data improves with mesh refinement, and the solu-
tions obtained with either of the dissipation models on the
finest meshes employed in this study are in excellent agreement
with the data and are almost identical to each other. The
second observation that can be drawn from these comparisons
is that the solutions obtained with the matrix dissipation show
less sensitivity to mesh variation and the overall accuracy of
the results is improved substantially through the use of the
matrix-valued dissipation model. This is more obvious for the
coarser meshes, where the results with the matrix dissipation
are found to be closer to the fine mesh solutions and experi-
mental data than the corresponding sealer dissipation results.
These results indicate that the computed pressure distributions
with the matrix dissipation model on the finest meshes are
essentially grid converged for both cases considered here.

For the ONER A M6 wing, the computed pressure distribu-
tions on the coarse mesh (145 x 33 x 25) are compared with
the results obtained from a "third-order" upwind biased
scheme13 in Fig. 3. On examining this figure, it appears that
the solutions obtained with the scalar dissipation model on
this mesh indicate significant smearing of shocks, whereas the
matrix dissipation results presented here show crisper shocks
and are found to be comparable in accuracy to the solutions
obtained from a Roe-type upwind difference scheme on the
identical mesh. It is also worth mentioning that for these
cases, the effect of replacing the arithmetic average with
"Roe-averaged"14 cell-face quantities in the evaluation of Ja-
cobian matrices was insignificant.

B. Lift Coefficient Comparisons
The computed lift coefficients vs the reciprocal of the total

number of mesh points raised to two-third power (represent-

ing the square of an average mesh density, which should be an
appropriate scale for a second-order accurate scheme) are
plotted in Fig. 4, in order to further quantify the accuracy
level of the computed pressure distributions. Results for both
the scalar and matrix dissipation models are shown in this
figure. For the ONERA M6 case, the lift coefficient exhibits
trends similar to those for the pressure distributions, i.e., less
change is observed for the lift coefficient with grid variation
for the matrix dissipation as compared to the scalar dissipa-
tion case. In addition, a more accurate value for the lift
coefficient is obtained for a given grid density by using the
matrix dissipation model. Over the range of meshes employed
here, the matrix dissipation on a given mesh produces results
that are comparable in accuracy to the scalar dissipation re-
sults on the next finer mesh, which translates into approx-
imately a factor of 2.6-2.9 reduction in terms of mesh points.

However, the computed lift-coefficient variations for Wing
C with matrix dissipation appear to be more sensitive to grid
refinement when compared with the results obtained by using
the scalar dissipation model. It is believed that this dis-
crepancy arises due to the presence of a weak shock in the
leading-edge region at outboard sections of this wing. As seen
from the pressure distributions, such a structure was nearly
missing on the coarser meshes, particularly with the scalar
dissipation model. Better resolution of this shock structure
reduces the overall value of the lift coefficient, whereas on the
rest of the wing, the lift coefficient increases with mesh refine-
ment. Such compensating effects result in the discrepancy
observed here. Nonetheless, the actual values of lift coefficient
on the finest mesh (321 x 65 x 65) obtained from the two
different dissipation models differ by less than 0.25%, which
is considered to be quite accurate for all practical purposes.
Similar trends are obtained for the pitching-moment coeffi-
cient (not shown) for these test cases.
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Fig. 2 Effect of grid density on pressure distributions for Lockheed
Wing C (A/*, = 0.85, a = 4.9 deg, Rec = 107).
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C. Skin-Friction Comparisons
Although the pressure distribution is a good indicator of the

tangential mesh resolution, it is not indicative of the adequacy
of the normal mesh spacing. A better appreciation of the
normal mesh resolution is gained through examining the shear
stress or skin-friction distribution. This is done in Figs. 5 and
6, where the skin-friction distributions on the upper and lower
wing surfaces at the root section are presented for the ONERA
M6 and Lockheed Wing C, respectively. A careful examina-
tion of these results reveals that the matrix dissipation model
on a given mesh density produces more pronounced peaks in
the leading-edge region and, in general, predicts higher skin-
friction levels on most of the wing surface compared with the
scalar dissipation results. In addition, the skin-friction coeffi-
cient distributions obtained with the matrix dissipation model
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Fig. 3 Comparison of computed pressure distributions on 145 x 33
x 25 grid using central-difference and upwind biased schemes for
ONERA M6 wing (Moo = 0.84, a = 3.06 deg, Rec = 11.7 x 106).
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Fig. 6 Variation of root-section surface skin-friction coefficient with
grid density for Lockheed Wing C (Moo = 0.85, a = 4.9 deg,

on the two finest meshes are almost indistinguishable from
each other except near shocks. It should be recognized that
since a fixed number of cells (about three) are required to
capture the shocks in the present scheme, the shocks become
sharper with tangential mesh refinement. The fact that the
normal mesh spacing employed in these computations is ade-
quate to obtain essentially grid-converged solutions for skin-
friction coefficients with the matrix dissipation model is more
evident from the results on the lower surface; in this region,
the flow is essentially shock-free and the skin-friction distribu-
tions on the two finest meshes essentially coalesce. A final
note in this context is related to the values of y + required to
achieve these solutions. All of the solutions presented here
were obtained using the Baldwin-Lomax turbulence model
and the normal spacings at the wing surface were selected to
keep^+ between 1.5-2.0 on the finest meshes employed here.
Solutions obtained with larger wall spacings (y + > 5) on the
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Fig. 7 Effect of dissipation model on convergence history for
ONERA M6 wing (A/*, = 0.84, a = 3.06 deg, Rec = 11.7 x 106).
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Fig. 8 Effect of dissipation model on convergence history for Lock-
heed Wing C (Moo = 0.85, a = 4.9 deg, Rec = 107).

finest meshes exhibited inconsistent behavior with mesh re-
finement.

D. Convergence Properties
The preceding results clearly indicate that one can improve

the accuracy of the numerical solutions by replacing the scalar
dissipation model with a matrix dissipation model. However,
there is a certain price to pay for achieving this improved
accuracy in terms of computational costs, arising from the
additional complexity of the dissipation model and a degrada-
tion of the temporal convergence to the steady state. An
attempt is now made to quantify the additional computational
cost involved in the use of the matrix-valued dissipation
model.

A significant part of the additional operations associated
with the matrix dissipation is due to the matrix multiplications
required for obtaining the components of the dissipative
terms, such as those given by Eq. (8). Turkel7 had carefully
examined the special form of the flux Jacobian matrices and
the column vectors involved in these operations and derived a
much simpler form for the products via regrouping of terms.
This more efficient procedure, described in an earlier section
of this paper, is employed in the computer code. The compu-
tational penalty associated with the matrix dissipation model
for the cases presented here is found to be approximately a
20% increase in cpu time, per multigrid cycle.

In order to assess the additional cost due to differences in
convergence rate, the variation of the lift coefficient normal-
ized with its final converged value (CL/CLF) and the residual
of the continuity equation are shown as a function of work
units in Figs. 7 and 8, where one work unit represents the
computational effort required for one fine mesh iteration. The
convergence histories for the two test cases on the three differ-
ent meshes used in this study are shown in these figures for
both the scalar and matrix dissipation models. A small degra-
dation in the convergence rate of the residuals is noted for the
matrix dissipation model when compared to the scalar dissipa-
tion model. Although, within plotting accuracy, the lift con-
vergence seems somewhat insensitive to the dissipation model,
it also converges at a slower rate for the matrix dissipation
model. Approximately 15-20% more work units are required
for the matrix dissipation model to achieve the convergence
level comparable to the scalar dissipation model, in addition
to the 20% extra cpu time required per work unit. However,
the matrix dissipation model produces a more cost-effective
scheme, since the overall accuracy of the solutions with matrix
dissipation is much better on a given mesh (Figs. 1-6), and one
can employ coarser meshes to achieve a specified level of
accuracy.

Concluding Remarks
The effect of replacing the scalar artificial dissipation model

with a matrix-valued dissipation model on the accuracy of
Navier-Stokes solutions for transonic flows has been investi-
gated. In general, the numerical accuracy of the Navier-Stokes
solutions is improved through the use of the matrix-valued
dissipation model on a given size mesh. The additional cost
that was incurred due to increased complexity and the degra-
dation of the temporal convergence rate associated with the
use of the matrix dissipation model is offset by the improved
spatial accuracy. The resulting scheme is more cost-effective
than the scalar dissipation-based scheme for achieving a spec-
ified level of accuracy for the two test cases considered here.

The central-difference scheme with the proposed matrix
dissipation model is comparable in accuracy and arithmetic
operations to a Roe type of upwind difference scheme and is
simpler to implement in computer codes. In addition, the
convergence rate for this scheme is quite good even on ex-
tremely fine meshes, which makes it very cost-effective.

Essentially grid-converged solutions have been obtained for
both the pressure and surface skin-friction distributions for
high Reynolds number, transonic flows over two different
wing configurations. Whereas accurate pressure distributions
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can be obtained on the finest meshes used in this study even
with the scalar dissipation model, it is clear that a less dissipa-
tive scheme, such as the one designated here as the matrix-val-
ued dissipation scheme, is required to obtain accurate and
grid-converged solutions for the surface skin-friction distribu-
tions on mesh densities that are practical at this point in time.
In addition, engineering accuracy can be obtained on rela-
tively coarse meshes with the use of the matrix dissipation
model.
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